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268 GRADUALLY VARIED FLOW

Solution. The step computations are arranged in tabular form, as shown in Table
10-6.  Values in each column of the tahle are explained as follows:

Col. 1. Section identified by station number such as “station 1 + 55.” The
location of the stations is fixed at the distances determined in Example 10-7 in order
to compare the procedure with that of the direct ‘step method.

Col. 2. Water-surface elevation at the station. A trial value is first entered in
this column; this will be verified or rejected on the basis of the computations made n
the remaining columns of the table. For the first step, this elevation must be given
or assumed. Since the elevation of the dam site is 600 m.s.l. and the height of the
dam is 5 ft, the first entry is 605.00 m.s]l. When the trial value in the second step
has been verified, it becomes the basis for the verification of the trial value in the
next step, and so on. '

Col. 3. Depth of flow in ft, corresponding to the water-surface elevation in col. 2.
For instance, the depth of flow at station 1 + 55 is equal to water-surface elevation
minus elevation at the dam site minus (distance from the dam site times bed slope),
or 605.048 — 600.000 — 155 X 0.0016 = 4.80 ft. '

Col. 4. Water area corresponding fo y in col. 3

Col. 5. Mean velocity equal to the given discharge 400 cfs divided by the water
area in col. 4 '

Col. 6. Veloeity head in ft, corresponding to the velocity in col. 5

Col. 7. Total head computed by Eq. (10-47), equal to the sum of Z in col. 2 and
the velocity head in col. 6 -

Col. 8. Hydraulie radius in ft, corresponding to v in col. 3

Col. 8. Four-thirds power of the hydraulic radias

Col. 10. Friction slope computed by Eq. (9-8), with n = 0.025, ¥ from col. 5,
and R% from col. 9 _

PN . Col. 11.  Average friction slope through the reach between the sections in each
K J : step, approximately equal to the arithmetic mean of the friction slope just computed
in col. 10 and that of the previous step
Col. 12, Length of the reach between the sections, equal to the difference in sta-
tion numbers between the stations ' .
Col. 13.  TFriction loss in the reach, equal to the product of the values in cols. 11
" and 12.
Col. 14. Eddy loss in the reach, equal to zero .
- Col. 15. Elevation of the total head in fi. This is computed by Eq. (10-49), that
13, by adding the values of ks and k. in cols. 13 and 14 to the elevation at the lower end
of the reach, which is found in col. 15 of the previous reach. If the value so obtained
does not agree closely with that entered in col. 7, a new trial value of the water-surface.
elevation is assumed, and so on, until agreement is obtained. The value that leads
to agreement is the correct water-surface elevation. The computation may then
proceed to the next step. The computed flow profile is practically identical with that
obtained by the graphical-integration method shown in Fig. 10-3. :

10-5. Computation of a Family of Flow Profiles. In previous articles
methods were described for determining a single flow profile. Fre-
quently, several flow profiles, or a family of flow profiles, are desired for
various conditions of stage and discharge. An example of this type of
problem is the determination of the economical height of a dam, where
the initial elevation is indeterminate and, hence, a number of flow profiles

£ may have to be computed for the same discharge with different assumed
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" HAND OUT 17: Hydrologic routing (Chapter 6 of our syllabus). Source:
Mays, L. (2006). “Water resources engineering.” John Wiley and Sons.




Chapter 9 ‘

9.1 ROUTING

Reservoir and Stream Flow
Routing

Figure 9.1.1 illustrates how stream flow increases as the variable source area extends into the
drainage basin. The variable source area is the area of the watershed that is actually contributing
flow to the stream at any point. The variable source area expands during rainfall and contracts
thereafter.

Flow routing is the procedure to determine the time and magnitude of flow (i.e., the flow hydro-
graph) at a point on a watercourse from known or assumed hydrographs at one or more points
upstream. If the flow is a flood, the procedure is specifically known as flood routing. Routing by
lumped system metheds is called hydrologic (lumped) routing, and routing by distributed systems
methods is called hydraulic (distributed)} routing.

For hydrologic routing, input I(z), output Q(#), and storage S(r) as functions of time are related
by the continuity equation (3.2.10)

* d‘S' N
— =0-00 RS

Even if an inflow hydrograph /(#) is known, eguation (9.1.1) cannot be solved direcily to obtain
the outflow hydrograph (), because both 0 and § are unkiown. A second relationship, or stor-
age function, is required to relate §, [, and (; coupling the storage function with the continuity
equations provides a solvable combination of two equations and two unknowns.

The specific form of the storage function depends on the natare of the system being analyzed.
Int reservoir routing by the level pool method (Section 9.2), storage is a nonlinear fonction of @,
§ = f{Q) and the function {Q) is determined by relating reservoir storage and outflow to reservoir
water level. In the Muskingum method (Section 9.3) for flow routing in channels, storage is lin-
early related to [ and 0.

" The effect of storage is fo redistribute the hydrograph by shifting the centroid of the inflow
hydrograph to the position of that of the outflow hydrograph in a time of redistribution. In very
long channels, the entire flood wave also travels a considerable distance and the centroid of its
hydrograph may then be shifted by a time period longer than the time of redistribution. This addi-
tional time may be considered the time of translation. The total time of flood movement between
the centroids of the inflow and outflow hydrographs is equal to the sum of the time of redistribu-
tion and the timie of translation. The process of redistribution modifies the shape of the hydrograph,
while translation changes its position.

-~
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& Varable source area

‘Figure 9.1.1 The small arrows in the hydrographs show how streamflow increases as the variable source extends into swamps,
f"”'\% shallow soils, and ephemeral channels. The process reverses as streamflow declines (from Hewlett (1982)).

O | f
9.2 HYDROLOGIC RESERVOIR ROUTING

Level pool routing is a procedure for calculating the outflow hydrograph from a reservoir assum-
ing a horizontal water surface, given its inflow hydrograph and storage-outflow characteristics.
Equation (9.1.1) can be expressed in the in finite-difference form to express the change in storage
over a time interval (see Figure 9.2.1) as

I.+1. . +0;
PR ki PR It A,

At

Sie =85 = (9.2.1)
The wnflow values at the beginning and end of the jth time interval ace Land [, respectively,
and the corresponding values of the outflow are 0;and Q. , . The values of Land I | are pre-
specified. The values of ¢ and §; are known at the jth time interval from calculations for the pre-
vious time interval. Hence, equation (9.2.1) contains two unknowss, g, , | and S, . |, which are
isolated by multiplying {9.1.1) through by 2/As, and rearranging the result to produce:

AT 25;
Ar + Qi =+ L)+ ?—Q,- (9.2.2)

In order to calculate the outflow g; 1 - a storage-outflow function relating 28/At + Q and (O is
needed. The method for developing this function using elevation-storage and elevation-outflow
relationships is shown in Figure 9.2.2. The relationship between water surface elevation and reser-
voir storage can be derived by planimetering topographic maps or from field surveys. The
elevation-discharge relation is derived from hydraulic equations relating head and discharge for
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Discharge
Loy [nflow
o (‘S:| +1 7 5:1)
b ' , Outflow

|

|

Qj+ 1 5. Ii

Q; ; :

— At i

CjAr (j+ 1)Ar ! Time

i

Storage }
‘S:fi- 1

Time

Figure 9.2.1 Changc of storage during a routing period Ar.

various typ-es of spillways and outlet works. (See Chapter 17.) The value of At is taken as the time
interval of the inflow hydrograph. For a given value of water surface elevation, the values of stor-
age § and discharge ( are determined (parts () and (b) of Figure 9.2.2), and then the value of
28/At + Q is calculated and plotted on the horizontal axis of a graph with the value of the outflow
Q on the vertical axis (part (¢) of Figare 9.2.2). :

In routing the flow through time interval j, all terms on the right side of equation (9.2.2) are
kanown, and so the value of 25; 4 /At + Q; , | can be computed. The corresponding value of Qs
can be determined from the storage-cutflow function 25/Az + Q versus (J, either graphically or by
linear interpolation, of tabular values. To set up the data required for the next time interval, the
value of (25; , \/At —~ @, |) is calculated using :

25, 2844
[ Ar;l - Qj+1:l = {_ﬁ"‘ + Qj+1J - 2Qj+1 (9.2.3)

The computation is then repeated for subsequent routing periods..

Consider a 2-acre stormwater detention basin with vertical walls. The triangular inflow hydrograph
increases linearly from zero to a peak of 60 cfs at 60 min and then decreases linearly (o a zero discharge
at 180 min. Route the inflow hydrograph through the detention basin usin% the Iie'éd—discharge rela-
tionship for the 5-ft dtameter pipe spiliway in colurens (1) and (2} of Table 9.2.1. The pipe is located at
the bottom of the basin. Assuming the basin is initially ermpty, use the level pool routing procedure with
a 10-min time interval to determine the maximum depth in the detention basin.
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Outflow Qutflow

\-ﬂ.mﬁ

g -0
4 |
1 !
! I
! 1
o : H :
Water surface I Storage-
elevation | outflow
&) |l function
Storage 4
S _________________________
b
1
|
I
]
g
Water surface
elovation ,
(a) - ’ L]
Figure 9.2.2 Development of the storage-outflow function for level pool routing on the basis
Y of storage-elevation-outflow curves (from Chow et al. (1988)).
ki .
Table 9.2.1 Elevaﬁon—Dischargc-Storage Data for Example 9.2.1
S :
( ) ] 2 3 4
- 25
. Head H Discharge ¢ Storage § A + 0
(ft) (cfs) (1 (cfs)
0.0 0 0 200
- 0.5 3 43,500 14820
- 10 8 87,120 298.40
15 17 130,680 452.60
2.0 30 174,240 610.80
2.5 43 217,800 769.00
3.0 60 261,360 931.20
35 78 304,920 1094.40
4.0 97 348,480 1258.60
45 117 392,040 1423.80
5.0 137 433,600 1589.00
SOLUTION The inflow hydrograph and the head-discharge (columns 1 and 3) and discharge-storage (columns 2 and . -

3) relationships are used to determine the routing relationship in Table 9.2.1. A routing interval of 10
min is used (o determine the routing relationship 28/Ar + @ vs. @, which is columns 2 and 4 in Table
9.2.1. The routing computations are presented in Table 9.2.2, with the sequence of computations indi-
cated by the arrows. These computations are carried eut using equation {9.2.3). For the first time inter-
val, 5§, = 0, = 0 because the reservoir is empty at £ = 0; then (25,/A¢r — ) = 0. The value of the.
storage-outflow function at the end of the time interval is
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28 25 !
[waﬁJer:!:(Il+Iz)+[A—;—Q1}=(O+10)+0=lO

The value of (, is determined using linear interpolation, so that

(3-0)

— e (10~ 0) = 0.2 fs
(1482-0)

0, =0+
With 2, = 0.2, then 25,/A¢ - (J, for the pext iteration is

2% o 1=l 0 1 20, =10-202)=
[ > Qz]—l: » +Q2} 20, =10-2(02) =96 cfs

287

The computation now procEeds to the next time interval. Refer to Table 9.2.1 for the remaining

computations.

Table 9.2.2 Routing of Flow Through Detention Reservoir by the Level Pool Method (example 9.2.1)

mﬂOW 23 . 25 t

Time ¢ ¥ L+1L,, K:—_Qf T-'-Qf“ Outflow
{min) (cfs) {cfs) (cfs) (cfs) (cfs)
00 00 .00
10.00 10.00 10.00 00 10.00 20
20.00 - 20.00 30.00 9.60 39.60 80
30.00 30.00 50.00 37.99 87.99 1.78
40.00 40.00 70.00 84.43 154.43 321
50.00 50.00 90.00 148.01 238.01 5.99
60.00 60.00 110.00 226.04 336.04 10.20
70.00 55.006 115.00 31564 430.64 1572
80.00 50.00 1065.00 39921 504.21 2124
90.00 45.00 95.00 461.72 556.72 25.56
100.60 40.00 85.00 505.61 590.61 28.34
114.00 35.00 75.00 533.93 608.93 29.85
120.00 30.00 65.00 549.24 614.24 30.28
.130.00 25.00 55.00 553.67 608.67 29.83
140.00 20.00 45.00 549.02 594.02 28.62
150.00 15.00 35.00 536.78 571.78 26.79

160.00 10.00 25.00 . 518.19 543.19 24.44°
170.00 5.00 15.00 494.30 509.30 21.66
180.00 00 5.00 465.98 47098 1851
190.00 00 .00 433.96 43306 15.91
200.00 .00 00 402.14 402,14 14.05
210.00 00 .00 374.03 374.03 12.41
220.00 .00 00 349.20 349.20 1097
230.00 0o 00 327.27 327.27 9.69
240.00 .00 .00 307.90 307.90 8.55
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9.3 HYDROLOGIC RIVER ROUTING

The Muskingum method is a commonly used hydrologic routing method that is based upon a vari-
able discharge-storage relationship. This method models the storage volume of flooding in a Tiver
channel by a combination of wedge and prism storage (Figure 9.3.1). During the advance of a
flood wave, inflow exceeds outflow, producing a wedge of storage. During the recession, outflow
exceeds inflow, resulting in a negative wedge. In addition, there is a prism of storage that is formed
by a volume of constant cross-section along the length of prismatic channel.

Assuming that the cross-sectional area of the flood flow is directly proportional to the discharge
at the section, the volume of prism storage is equal to KQ, where K is a proportionality cocfficient
(approximate as the travel time through the reach), and the volume of wedge storage is equal to
KX(I — ), where X is a weighting factor having the range 0 £ X < 0.5. The total storage is defined
as the sum of two components,

S = KEQ+KX{ — O) (9.3.1)
which can be rearranged to give the storage function for the Muskingum method ‘
§ = K{XI+(1 — XyQ)] (93.2)

Ty and represents a linear model for routing flow in streams.
(\/; The value of X depends on the shape of the modeled wedge storage. The value of X ranges from
0 for reservoir-type storage to 0.5 fora full wedge. When X = 0, there is no wedge and hence 5o
backwater; this is the case for a level-pool reservoir. In natural streams, X is between ( and 0.3,
with a mean value near 0.2. Great accuracy in determining X may not be necessary-becausé the
results of the method are relatively insensitive to the value of this parameter. The parameter K is
the time of travet of the flood wave through the channel reach. For hydrologic routing, the values
of K and X are assumed to be specified and constant throughout the range of flow.
The values of storage at time j and j + 1 can be written, respectively, as

Sj = K[XIJ. +(1 - X)Qj] . (9.33)
Siey = KIXLyy + (1 = X00;04] (9.3.4)

Using equations (9.3.3) and (9.3.4), the change in storage over time interval Aris
Sj+1 - S_; = K{[XI]-H + (1 - X)QJ-H] - {XI]- + (- X)QJ}} 9.3.5)

&

Wedge storage
= KX~ Q)

Prism
storage = KQ

0

Figure 9.3.1 Prism and wedge storages in a channel reach.
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The change in storage can also be expressed using equation (9.2.1). Combining equations (9.3.5)

( "} and (9.2.1) and simplifying gives
- Oy = Clyyy + Gyl + G40 (9.3.6)
which is the routing equation for the Muskingum method, where

Ar—2KX | ¥
e r—— 9.3.7 i
'T2K(1-X) + A @37

) = M._ {9.3.8)

2K(1-X) + At
_ M 93.9)

3T aR(I-X) + At

Notethat C, + C, + C; = 1. 7

The routing procedure can be repeated for several sub-reaches (Nyeps) 50 that the total travel
time through the reach 1s K. To insure that the method is computationally stable and accurate, the
U.S. Army Corps of Engineers (1990) uses the following criterion to determine the number of
routing reaches:

1 K < 1

< < —_
2A1-X)  Nygehr  2X

(9.3.10)

If ohserved inflow and outflow hydrographs are available for a river reach, the values of K and
X can be determined. Assuming various values of X and using known values of the inflow and out-
flow, successive values of the numerator and denominator of the following expression for K,
derived from equations (9.3.3) and (9.3.8), can be computed using

OSA(L + 1)~ (@ +0))]
XU - 1)+ (- X0Qy1 ~2))

The computed values of the numerator (storage) and denominator (weighted discharges) are plot-
ted for each time interval, with the numerator on the vertical axis and the denominator on the hor-
izontal axis. This usually produces a graph in the form of a loop, as shown in Figure 9.3.2. The
value of X that produces a loop closest to a single line is taken to be the commect valae for the reach,
and K, according to equation (9.3.11), is equal to the slope of the line. Since K is the time required
for the incremental flood wave to traverse the reach, its value may also be estimated as the
observed time of travel of peak flow through the reach.

{9.3.11)

Nae?

The objective of this example is to determine X and X for the Muskinguimn routing method using the
February 26 to March 4, 1929 data on the Tuscasawas River from Dover to Newcomerstown. This
example is taken from the U.S. Army Corps of Engineers. (1960) as used in Cudworth (1989). Columns
2 and 3 in Table 9.3.1 are the inflow and outflow hydrographs for the reach. The numerator and denom-
inator of equation (9.3.11) were computed {for each time period) using four values of X = 0, 0.1, 0.2,
and 0.3. The accumulated numerators are in column 9 and the accumulated denominators {weighted dis-
charges) are in columns 11, 13, 15, and 17. In Figure 9.3.2, the accumulated numerator (storages) from
column (9) are plotted against the corresponding accumulated denominator (weighted discharges) for
each of the four X values. According to Figure 9.3.2, the best fit (linear relationship) appears to be for
X = 0.2, which has a resulting X = 1.0. To perform a routing, K should equal A, so that if Ar = 0.5
day, as in this cdse, the reach should be subdivided into two equal reaches (Nmps = 2} and the value of
K should be 0.5 day for each reach.
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Figure 9.3.2 Typical valley storage curves.

Route the inflow hydrograph below using the Muskingum method; Ar = 1 hr, X = (.2, K = 0.7 ts.

Time (hrs) 1] 1 2 3 4 5 6 7
Inflow (cfs) 0 800 2000 4200 5200 4400 3200 2500
Time (hrs) 8 9 10 11 12 13

Inflow (cfs) 2000 1500 1000 00 400 0
1.0-2(0.7)(0.2) '

| = =0.3396
2(0.7(1-02)+1.0

= 1.0 +2(0.7)(0.2) — 0.6038
2(0.7(1-0.2}+ 1.0

_20(1-0.2)-1.0 — 0.0566

T 2A0.7)(1-0.2)+1.0
(Adapted from Masch {1984).)




