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PART |

Mass Balance of Nitrogen and Phosphorus

To examine the water quality of a lake, we used the LAKE
model to perform a mass balance of phosphorus and |
nitrogen in a lake. The model is made with the assumption
that the lake can be schematized as group of compartments.
Two main compartments are established to represent the
water column and the bed sediment.

" The water compartment has both nitrogen and phosbhorus’s .
inputs (loadings) and output (outwashés); while the bed
sediment compartment has demobilization. There are also
other processes occurring in between the compartments;
these include sedimentations and sediment release. In the
special case of nitrogen, there is an addition chemical |
process of denitrification. - |

This section will illustrate and compute the concentration of
nitrogen and phosphorus in each compartment with a time

- step of 0.02 years for year 5, 10, and 20. It also shows the
differential equations involved in the Lake model calcuiation.
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Nitrogen Submodel

1) dear — [(Niaad - De’ut)—l_ Nreleed] _ 1 Nwat k a ——luSedmte £ Nwat
df Z Wres Z
dN
Z)d_;ﬂd = Sedrate* Nwat (]'_ Nboumi )—Nrel =i<]Vr.s‘ed

Where: Denit = N,,, —0.34W, 17"

e Rearrange the Equations

N (Nypog = Denit) | Ny N "( a_, SedmreJ N

dt zZ z W, VA
dN
2) d;ed = Sedrare(l - Nbound )Nwar - Nreleed

e Substitute
X=N,, And A= —[L + Sedmtej D = Sedrate(l1-N,,, )
y = N.S‘Bd Wres E = _N rel

B — Nrel

Z
= (szd —Denitj
VA

¢ TImplementing Euler Method: ODE (Ordinary Differential Equation)

1)

d—XzAX+BY+C
dt

X, —X./3
J+l i
TZAXj +BYJ-+C

X, =(AX,+BY,+C)Ar + X,

2)
ay

—=DX+FEY
dt

Y, -Y¥ B
jtl i
Ar =DX; +EY,

&

|

v, =(DX, + E¥YAr+Y,




'Phosphorous Submodel

aP. P, +P P
3) wat [ load rel* sed ] . 1 Pwar a— l Sedrate ® Pwat
dt Z w z

4) —d‘z ;‘“1 = Sedrate* P, (1 = Py )~ Pt P

¢ Rearrange the Equations

drP . P P
3) wat’ .~ load +( rel)Psm_[ a +SedmteJPm

dt Z zZ Wi z
dP,
4) sed. = H»Pre[ ES Psed + Sedrde(l - Pbaund )PWﬂt

dt

. Substitutirig New Terms

U=P, F= _(i + Sedm’ej I = Sedrate(1- P, ;)
’ V = Psed wres “ J = _‘Prel
G — IJrel
Z
H — R’oad
Z
¢ Implementing Euler Method (ODE)
3) 4)
d_UZFU+GV+H - ﬂ:IU+JV
dt ‘ dt _
Um U, l—(z\?u GV, +H Yin=Vs 1y
A TenT “a

U,,=FU,+GV,+H)A+U, Vo =[U, +IV, Ac+V,




Example Calculations

X, =AX,+By, +C)Ar+ X,

e Given Known Parameters
- - Initial Boundary/Conditions

N, =25g/m* *yr
N, =09/yr

N,pwa =01

Sedrate =30m/ yr

N l,=4mg/L= X,
N l,=60g/m* =Y,
P, |,=05mg/L

. 2
Wms = Oﬁyr Rs'eri la'“ ISg/m

P...= 1.63/m2 * yp
P,=08/yr

a=1.0

At =0.02yr

. Az_[ @ +Sedmfe]=_( 10 _, 30m/ yrj=-—18.33333/yr

W, VA 0.6yr 1.8m
e B= N _ 097y =0.5/yr*m
VA 1.8m

o [N,m - Denit) _ { 25g [ m® * yr—24.59227g / m® * yr

= =0.226516g/m™* yr
VA 1.8m J & Y

Where:

Denit=N,,, —0.34w_ "°Z% =25g/m>* yr = 0.34(0.6 yr)*'°(1.8)*" =24.59227g / m* * yr

re

X;H =(-18.3333/ yr*dmg/L+0.5/ yr*m*60g /m* +0.226516g /m* yr)*0.02yr + 4mg / L
X, =3.13786mg/ L

o D =Sedrate(1-N,,,,)=30m/yr(1=0.1)=27m/ yr
e E=-N_=-09/yr

Y., = (DX, +EY) At +Y,|g /m?]

Y, = 2Tmi yr*dmg | L—0.9/yr*60g/m*)0.02yr +60g /m* = 61.08%




Known Parameters

unit
Nea= 25  g/m®yr  Nitrogen input to the lake
N = 0.9 1fyr Sediment release rate of nitrogen
Npouna= 0.1 Ratio of immobilized sedimentated nitrogen
z= 18 m Mean depth of iake
' SedRate = 30 m/yr Mean sedimentation rate
' Wees = 0.6 yr Mean residence time of the water
Ploga = 1.6 gimPyr Phosphorus input to the lake
P = 0.8 1fyr Sediment release rate of phosphorus
Poouna = 0.05 Ratio of immaobilized sedimentated phosphorus
a= 1 Correction factor of nutrient output due to thermocline formation
Unknown Variables
Nyrat = ? mg/l Total nitrogen in water column
Nsog = ? o/m? Nitrogen in sediment
Pyat = ? mg/] Total phosphorus in water column
Pged = ? gfl"n2 Phosphorus in sediment
Initial Conditions
Nyat 0 = 4 mgfl
Nsedﬁo = 60 g/m2

Pyar o = 0.5 mgfl

X = Nwat
Denit = 24.592272 ( Denitrification } where Y = Nsed
’ U= Pwat
Nitrogen Submodel _ V = Psed
{1) dXidt =AX+BY +C A=-18.3333333
(2) dYidt =DX + EY B=05
C = 0.22851582
D=27
. phosphorus Submodel ; E=-0.9
(3) dU/dt = FU + GV + H F = -18.3333333
(4) dv/dt = IU +JV G = 0.44444444
H = 0.88888889
|=28.5
J=-0.8

Part 1 Results

Table 1




Table 2

Step by step calculations of the Lake Model using Euler Method.

0 0 41 3.13786365: 60 61.08 0.51 0.46777778 15 15.045
0.02 1 3.13786365! 2.60264306 61.08] 61.6750064) 0.46777778; 0.44777037, 15.045] 15.0700133
0.04 2. 2.60264398] 2.28962156] €1.67500641 61.970284] 0.447770371 0.43532935! 15.0709133{ 15.0850078
0.06 3 2260621561 2.061660141 61.970284: £2.0804145] 0.435320351 0.427575331 15.0850078! 15.0917854
0.08 4 206166014 1.93105255! 62.0804145} 62.0762635] 0.42757533] 0.42272469] 15.09178541 15.0940348]

0.1 5 1.931052561  1.84829291 62.0762635; 62.0016592] 0.422724601 0.41967261]1 15.0040348! 15.0934833)
0.12 & 1.8482029{ 1.70513241] 62.0016592] 61.8837075] 0.41967261] 0.41773473] 15.0934833} 15.091201
0.14 7 1.79513241} 1.76028459] 61.8837075{ 61.7301722) 0.41773473] 0.41648711! 15.091201} 15.0878506
0.16 8 1.76028459] 1.73676894] 61.73917221 61.5784208| 0.41648711} 0.41566718} 15.08785061 15.0838426
0.18 9 1.736768941 1.720268191 61.5784208! 61.4078645] 0415667181 0.415112261 15.0838426!1 15.0794314]

0.2 10 1.720268191 1.70811215; 61.40768645] 61.2314677] 0.41511226] 0.41472161 150794314 15.0747745'
0.22 11 1,70811215] 1.69864935]| 61.23146771 61.0516819] 0.4147216] 0.414432798} 15.0747745 15.0699694'
0.24 12 1,60864935] 1.69085839] 61.0516819] 60.8700223] 0.41443279] 0.41420716] 15.0699694) 15.0650766!
0.26 13 1600858391 1.68410752! 60.8700223! 60.6874254] 0.41420716} 0.41402077] 150650766 15.0601334]
0.28 14 1.68410752 1.678006] 60.68742541 60.5044698] 0.41402077: 0.41385879: 15.0601334: 15.0551632

0.3 i5 1.678006] 1.67231215] 60.5044698] 60.3215126] 0.41385879: 0.41371201i 15.0551632 15.05018
0.32 16 1.67231215: 1.66687647 60.32151261 60.1387739] 0413712011 0.41357476 15.05018]  15.045193
0.34 17 1666876471 1,66180649] 60.13877301 59.9563893] 0.413574761 0.41344351] 15.045193 15.0402075
0.36 18 1.66160649) 1.656444088: 59.9563893! 59.7744418] 0.41344351! 0.41331607! 15.0402075! 15.035227|
0.38 19 1.65644408: 1.651356561 59.7744418! 59.5929821) 0.41331607: 0.41319408: 15.035227! 15.0302536

0.4 20 1.651356561 1.64631928]1 50.50208211 59.412041F 0.41319108] 0.41306772] 15.03025361 15.0252884|
0.42 21 1.64631920] 1.64131961] 59.412044} 59.2316366] 0413067721 0.41294545] 15.0252884} 15.0203324
0.44 22 1.64131961;  1.6363491] 59.2316366| 59.0517798] 0.41204545] 0.412823861 15.0203324 15.015386;
0.46 23 1.6363491! 1.63140255! 59.0517798) 58.8724763] 0412823061 0.41270305)  15.015386; 15.0104495|
0.48 24 1.63140255! 1.626476691 58.87247631 58.6037201] 0.4127030561 0.41258250¢ 15.0104405¢ 15.005523

0.5 25 1.82647669] 1.62156051] 58.69037201! 568.5155398] 0412562501 0.41246251] 15.0055231 15.0006067|
0.52 26 1.62156951; 1.61667073] 58.5155383; 58.3379072) 0.412462511 0.412342761 15.0006067] 14.9957007|
0.54 27 1.61667973; 1.61180655] 58.33700721 58.16083191 0.412342761 0.412223311 14.9957007! 14.9908048
0.56 28 1.61180655] 1.60694945] 58.1608319f 57.9843125| 0.41222331; 0.41210414; 14.9908048] 14.9850162,
0.58 29 1.60684945: 1.60210809: 57.9843125: 57.8083475] 0.41210414: 0.41198524: 14.9859192: 14.9810439

0.6 30 1.60210800: 1.50728225, 57.80834751 57.6320357] 0.411985241 0.4118666! 14.0810430) 14.9761788
0.62 31 1.50728225] 1.50247177] 57.6329357] 57.4580752] 0.4118666] 0.41174821] 14.9761788] 14.9713239
0.64 32 1.59247177; 1.587676521 57.45807521 57.2837646] 0.41174821] 0.41163008] 14.9713239! 14.9664792
0.66 33 1.58767652] 1.58289643] 57.2837646] 57.1100022] 0.41163008] 041151221 14.9664792] 14.9616446
0.68 34 1.582806431 1.578131411 57.1100022) 56.9367862F 0.4115122) 0411394571 14.96164451 14.9568203

0.7 35 1.57813141] 1.5733814: 56.8367862{ 56.764115] 0.41139457] 0.41127718; 14.9568203; 14.9520061
Q.72 36 1.5733814| 1.56864636; 56.7641151 56.5019860] 0.41127718] 0.41116005} 14.9520061) 14.947202f
0.74 37 1.56864636! 1.56302621) 56.5919860! 56.4204002] 0.41116005! 0.41104316F 14947202 14.942408}
0.76 38 1.563926211 1.55922002] 56.4204002] 56.2493531] 0.41104316{ 0.41092652] 14.942408 14.8a7624|
0.78 39 1.55922092: 1.554530431 56.2493531: 56.0788441] 0.41002652: 0.41081012: 14.937624: 14.9328502

0.8 40 1.55453043;  1.5498547: 56.0788441: 55.9088713] 0.41081012i 0.41069396! 14.9328502] 14.92808863
0.82 41 15498547 1.54519367| 55.9088713! 55.7394332] 0.410693968] 0.41057806] 14.9280863] 14.9233325
0.84 42 1.54519367] 1.54054731] 55.73943321 55.5705279| 0.41057806] 0.41046238] 14.9233325] 14.9185887
0.86. 43 1.54054731) 1.53591556] 55.5705279) 55.402154] 0.41046238: 0.41034607! 149185887 14.9138548]
0.88 44 1.535915561 1.531298381  55.4021547 55.2343096] 0.41034697] 0.41023179; 14.9138548] 14.9091308

0.9 45 1.53129838] 1.526685721 55.2343096] 55.0669932 0.410231791 0.41011685; 14.9091309; 14.2044169
0.92 48 1.52669572} 1.52210754] 55.0662932{ 54.800203] 0.410116851 0.41000216i 14.9044169; 14.8097129
0.94 47 1.52210754! 1.51753379; 54.800203} 54.7339374) 041000216 0.4098877! 14.8997129! 14.8950187i
0.96 48 1.517533791 1.51297442] 54.7339374] 54.5681 948' 0.4098877] 0.40977340! 14.8050187} 14.8003344)
0.98 49 1.51207442) 1.5084204; 54.6681948 54.4029734' 0.40977349: 0.409659521 14.89033441 14.8856599]

1 50 1.5084294] 1.503B9867: 54.4029734; 54.238271 BI 0.409659521 0.40954578! 14.8856599; 14.8809953]
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PART I

Time Step Instability

To solve the Ordinary Differential Equations (ODE) of the

- Lake model, the Euler Method was used. The Euler
approach provides good approximation of nitrogen and
phosphorus concentrations if the chosen time step is small.
Consequently, if the time step is too large it will make the
solution become unstable. This section will demonstrate the
value at which the Euler Method becomes ineffective in
providing good approximations; this corresponds to the
maximum time step value before the algorithm is unstable.




‘PART 2; VARYING THE TIME STEP

0 0 4 22757273 60 62.16 0.5¢ 0.43555656 15 15.09]
0.04 1 2.27572731 1.86012125 62,161 62.3800255] 0.43555556; 0.41997037) 15,081 15.1036533
0.08 2 1.859121251 1.75240681] 62.3800255; 62.1421955] 0.41997037; 0.41605705; 1510365331 15.0991026
0.12 3 1.762426811 1.719218361 62.14219551 61.7976974] 0.416057051 0.41493259] 15.0901026] 15.0802364]
0.16 4 1.71921836] 1.70347281} 61.79769741 61.4297361| 0.41493269; 0.41447512] 15.09023643 15.080372]

0.2 5 1.708472811 1.69181477! 61.4297361! 61.0580163] 0.41447512) 0.41417776{ 15.080372} 15.0703017]

L i i i % i 5
0 0 41 0.5514546 £0 64.39 0.5 0.37111111 15 15,18
0.08 q 0.55145467 2,33357579 54.32] 60.8801010] 0.37111111] 043765026 1518} 15.0646133
0.16 P 7.333575791 1.364223311 60.8801019] 61.5372583] 0.45765026] 040214526 15.0546133] 15.0889812)
0,24 3 1.36432331] 184200730} 61.5370583] _ 60.053514] 0.402145261 0.41904043! 15.08809812] 15.0401776
0.32 4 1.842027301 1.56022905! 60,0535141 59.7103842] 0.41994043! 0.40000078] 15.0401776] 15.0350704
0.4 5 1.56022905] 1.67842974] 59.7103842] 58.7613313] 0.40090078] 0.41440438] 15.0350704} 15.0073097
pstep ~  At= 016 yrs
- e aleo e oshonsoUbIGHEL
Yime = 1 - Need ool - ins Plates i e Pseds
0- 0 4] _-2.8070908 60 66.64 051 0.24222222 15 15,36
0.6 1 -2.8970908!_ 11.1284847 68.641 46.2404077] 0.24223099! 0.76619259 15.36] 14.4084533)
0.82 2 111284847 -17.77959541 46.24040771 87.6568431| 0.76619259} -0.30808233) 14.4084533F 16.1364805
0.48 3 177705054} 4140067441 6765684511 -1.77350405| -0.30808233] 1.88533176} 16.13648951 126661634
0.64 4 41.4206744] -80,18048211 -1.7 73604051 177.407757] 1685331761 -2.60204756) 12.6661634] 19.6420074
0.8 5 “80.1894821| 169.063462| 177.407 7571 -104.540408] -2.600047561 6.560612471 19.64200741 5.o6040363]
|

¢] Q 41 -1.1728181 60 66.48 0.5; 0.30666667 15 15.27
0.12 1 -1.17281811 542336362 66.48! 55.5002204] 0.30666667] 0.55306667 15.27) 14.85288|
0.24 2 5.42336362f -3.15084069} 55.5002294] 67.0779027] 0.55306867] 0.23514027 14.852881 15.3184915
0.36 3 -3.15084060] 7.83286488: 67.07790271 40.6247654] 0.23514027! 0.64148456; 15.3184915! 14.852096
0.48 4 7.83286488| -6.39477004] 49.62476541  69.643773] 0.64148456] 0.11833032 14.652006) 15439372
0.6 5 -6.394770041 11.8795323} 69.643773] 41.4031906] 0.11833032; 0.78810346; 15430372} 14.361882

B i ; g/ ; Salmtie m 2

0 -0 4: -0.31068175 =) 65.4) 0.5! 0.33888889 ' 15 15.225]
0.1 1 -0.31068175; 3.55196304 6541 58.6751593] 0.33888889] 0.48314815 15.2251 14.8728333
0.2 2 3.55156304| -0.00321799} 58.6751503] '62.9835881] 0.48314815] 0.35172469] 14.9728333] 151519789,
0.3 3 -0.00321789] 3.17451265] 62.9835881] "57.3063766] 0.35172469; 0.469206261 15.1519789:1 14.9422359)
0.4 4 3.174512651 0.24254321! 57.3063766! £0.7199869] 0.46920626f 0,36198304! 14,9422358) 15.0840949)
0.5 5 0.54054321] 2.85658150] 0.7 1098691 55.0100547] 0.561964041 0.457640571 15.0840040% 14.909019




0.355]

15,2025

0 4] 41 0.12038642 60 64.86 0.5 15
0.09 1 012038642} 2.86083525, 64.86{ 50.898879 0.355) 0.45735 15.2025]  15.018495)
0.18 2 2.86083525: 0.85629307) 59808879 61.9988505 0.45735] 0.3834623; 15.018485; 15.1102661
0.27 3 0.85629307 2.25374641% 61.99880951 59.0577808] 0.3834623: 0.43516015! 15.1102661: 15.0068077)|
0.36 4 2.258746411_1.213056139] 59.0577808] 50.7507043] 0.43516015] 0.39738221} 15.0050077F 15.0416682
0.45 S 1.21305139) 1.02088471F 50.7507043] 57.8586121] 0.307362011 0.42306820] 15.04166821 14.5779534

SR Emo0e]

0 0 41 -0.09514766 60 65.13 0.51 0.34694444 151 1521375
0.095 1 -0.09514766) 3.18576185 65.131 59.3173312] 0.34694444! 0.46948565, 15.21375] 14.9968571
0.19 2 3.18576185] 0.47631886} 59.3173312f 62.4171786] 0.468948565} 0.36044322] 14.98685711 15.1282283
0.285 3 0.47631886{ 2.63306516] 62.4171786] 58.3022677] 0.36944322] 0.44918814] 15.12822831 14.9787505
0.38 4 2.633065161 0.83802006) 58.3022677: 60.0712359] 0.44018814; 0.38373271; 1497875051 15.0565424
0.475 5 0.83802006] 2.25337117] 60.0712359 57.084666ﬂ 0.38373271! 0.43556336] 15.05654241 14.9512014

Table 3

62

-2.8970908

004222097

15.36]

-1.0715E+10

1.5917E+10

-368367114

560310304]

[|=1.0491E+20

1.5585E+20

-3.1133E+18

4.8677E+18]

| -2.3882F+39

3.5476E+39

-5.6214E437

8,780E+37|




